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Abstract: We proposed a new type of soliton equation, whose solutions may describe some 
statistical distributions, for example, Cauchy distribution, normal distribution and student s t 
distribution, etc. The equation possesses two characters. Further, from an extension of this type of 
equation we may obtain the exponential distribution, and the Fermi-Dirac distribution in quantum 
statistics. Moreover, by using the method of the soliton-solution, the nonlinear Klein-Gordon 
equation and nonlinear Dirac equations may derive Bose-Einstein and Fermi-Dirac distributions, 
respectively, and both distributions may be unified by the nonlinear equation. 
Key words: nonlinear equation, statistical distribution, soliton, quantum statistics. 
MSC: 35Q51; 34A34; 62E15; 35Q40; 81V45  
1.Introduction 
In the nonlinear theory, the soliton is already applied to many regions [1,2]. Some relations 
among the nonlinear equations and their soliton and distributions are discussed widely. But these 
discussions fasten on the few known nonlinear Schr?dinger equation [3-13], the sine-Gordon 
equation [14-16] and the Korteweg de Vries equation [7,9], etc. 
Recently, Ablowitz, et al., found that general initial pulses are essentially solitons of the 
classical nonlinear Schr?dinger (NLS) equation [17]. Zhong and Beli , et al., constructed exact 
periodic wave solutions to the generalized two-dimensional nonlinear Schr?dinger equation with 
distributed dispersion, nonlinearity, and gain coefficients [18], and obtained exact spatiotemporal 
periodic traveling wave solutions to the generalized (3+1)-dimensional nonlinear Schr?dinger 
equation with distributed coefficients [19]. Derevyanko, et al., researched the random input 
problem for a nonlinear system modeled by the integrable one-dimensional self-focusing 
nonlinear Schr?dinger equation, and obtained two models and the distribution of minimal pulse 
width required for a soliton generation [20]. Pankratov investigated the noise self-pumping effect 
in long Josephson junctions (fluctuating solitons) modeled by a sine-Gordon equation [21].  
2.New type of soliton equation described some statistical distributions 
We propose a type of soliton equation [22]: 
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By the method of the soliton-solution, let 
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All of these distributions are bell form, which are also soliton form.     
When b=0 and a=1, Eq.(2) becomes 0)'('' 2 , and ceC0 is the exponential 
distribution. But, this is not the soliton form. 
Eq.(1) possesses following character: 1). If py
 
(p is constant), (1) becomes: 
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The form of Eq.(1) is the same, and corresponding solitons and distributions are also invariant. 
Only for 1)1( ap Eq.(1) is simplified to 
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2). It possesses Lorentz invariance, and is relativistic covariant.  
3. Extension of this type of equation 
Further, Eq.(1) may be extended to more general nonlinear equation: 
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Eq.(11) becomes the ordinary differential equation: 
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When )(F is various forms, we can derive many ordinary differential equations, in which 
some may be solved by the elliptic function. If )(F is polynomial, for example, when a=1 and 
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For b=1, this is Fermi-Dirac distribution in quantum statistics. 
For the special cases a=0, Eq.(11) is similar with Eq.(10): 
(a). When sin)(F , it is sine-Gordon equation. 
(b). Eq.(11) can include the relativistic extension 0|| 2vttxx of cubic 
Schrodinger equation, and Higgs equation 03220 fmttxx . 
(c). When )(F is polynomial, Eq.(12) may be simplified equations of KdV equation and 
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cubic Schrodinger equation, etc., nba 2'' , here n=3 or 4. 
(d). When 42)( bfF , for 1C =0, f>0 and b>0, 
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For bfC 2/21 , f<0 and b<0,      
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Both are respectively the simplest soliton solutions of different forms.  
4.Nonlinear equation unified quantum statistics 
When a=0 and 422)( amF for Eq.(11), it is namely the nonlinear Klein-Gordon 
equation: 
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This may derive the kink. If Eq.(17) is extended to 
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If a=2, Eq.(20) is namely Bose-Einstein (BE) distribution. The square of the wave function is just 
the probability [24].     
Based on the Heisenberg s unified equation [25]         
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which possesses the rest mass, it is namely a nonlinear Dirac equation         
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In quantum mechanics, the probability density is 4 , and 1 . 
By a similar method of the soliton-solution, let 
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It is just Fermi-Dirac (FD) distribution. Therefore, the quantum statistics (20) and (24) of bosons 
and fermions are obtained from the corresponding nonlinear dynamical equations (18) and (22). 
Further, we extend Eq.(22) to         
)(nbm ,                               (25) 
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Let n=1, -1 or 0, i.e., the nonlinear terms are a reversed sign or zero, Eq.(26) are FD, BE or 
Maxwell-Boltzmann (MB) distributions, respectively. 
This is not only a supersymmetry in which fermions and bosons are complete symmetrical, 
but also agree with the experiments where the multiplicity and its distribution, etc., are 
independent of the types of particles. We proposed that the extensive chaos theory may describe 
the multiparticle production and the extensive air showers at high energy [26,24,27]. In the other 
aspect, based on the experiments and theories at high energy, we discussed a possibility: FD and 
BE statistics will be unified at high energy [28,24] and some possible tests of the inapplicability of 
Pauli s exclusion principle [29-32]. 
The nonlinear equations may obtain many statistical distributions. This can contact statistical 
distributions, differential equations and physical dynamics.  
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